Indian J. Pure Appl. Math42(5): 279-289, October 2011
© Indian National Science Academy

COMPLEX LINES IN COMPLEX HYPERBOLIC SPACH{(Q: 1
Yingqging Xiao and Yueping Jiang

College of Mathematics and Economics, Hunan University,
Changshat10082 People’s Republic of China
e-mails: ouxyg@yahoo.cn (Yingging Xiao), ypjiang731@163.com
(Yueping Jiang)

(Received. SeptembeR010;after final revisior® May 2011;
acceptedl9 July 2011)

Letp1, p2, p3, p4 be four pairwise distinct points in the boundary of complex
hyperbolic2-spaceHZ and any three points do not lie in the saiecircle.

We show that we are always able to group the four points into two classes
such that each class contains two points, the two complex lines spanned by
each class are ultra-parallel or intersect. As an application, we can simplify
the discussion in the paper [7], in which Parker and Platis used the global
geometry coordinates to describe the Falbel's cross-ratio variety of the four
pairwise distinct points on the@H2.
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1. INTRODUCTION

An interesting problem in complex hyperbolic geometry is the classification of
orderedm-tuples of distinct points in the complex hyperbotiespace,HZ, or in

1This work is supported by NNSF No. 11071059 and the Fundamental Research Funds for the
Central Universitie No. 531107040317.
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its boundaryp HZ up to congruence in the holomorphic isometry grdeig(n, 1)

of HZ. This problem has recently been the object of series of papers [1, 2]. For
n = 2 andm = 4, this problem was considered by Falbel [3], see also Falbel-Platis
[4], and Parker-Platis [7]. In these papers, they obtained the cross-ratio variety
X as the configuration space. They proved that the cross-ratio vatiegn be
parameterised by three complex numBgr X,, X3 which are not equal t6 or 1

and satisfy the following identities:

X3 = [Xol /X4,

2 9 9 (1)
21X [*R(X3) = |Xq]* + [Xo|* — 2R(X1 + X) + 1.

In order to make the topology of the cross-ratio variety more transparent, Parker
and Platis introduced global geometrical coordinates to give an alternative descrip-
tion of Falbel's cross-ratio variet¥ in [7]. They grouped the four points into two
classes, each class contains two points and spans one complex line. So there are
two complex lines, denoted hly; andLs. According to the distance betweén
and Lo, they considered three kinds of global geometric coordinates to describe
Falbel's cross-ratio variet¥.

In this paper, we show that if any three points do not lie in the s@nruircle,
then we are always able to regroup the four points into two classes such that the
two complex lines spanned by each class are ultra-parallel or intersect. Thus in
essence, we only need two kind of global geometry coordinates to describe the
Falbel’s cross-ratio variety.

Our main result is the following Theorem.

Theorem1 — Let p1, p2, p3, p4 be four pairwise distinct points i@H% and
any three points do not lie in the sarecircle. LetL;; denote the complex line
spanned by; andp; for i # j. Then there exist two complex linég; and L.,
that are ultra-parallel (or intersect).

This paper is organized as following. In section 2 we introduce the basic gen-
eral definitions and results in complex hyperbolic geometry. The proof of Theorem
1 appears in section 3. In section 4, as an application, we expound how to simplify
the discussion in paper [7] using our results.
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2. COMPLEX HYPERBOLIC GEOMETRY

In this section we recall some basic notions in complex hyperbolic geometry. The
general references on complex hyperbolic geometry are [5, 6, 8].

Complex hyperbolic spacgZ : Let C*! deonte the vector spac® equipped
with the Hermitian form

<Z, w> = 21W3 + z2oW2 + z3W1.

of signature(2, 1). Itis given by the Hermitian matri¥
0 01
J=1 01 0
1 00

Let z € C*!, then we know thatz, z) is real. Thus we may define subsets
V_, Vo, V4 of C*! by

Vo ={zeC¥|(z,2) <0},
Vo = {2 € C*[(z,2) = 0},
Vi = {z € C¥|(z,2) > 0}.

We say that: ¢ C?! is negative, null, or positive it is in V_, 1, or V.
respectively. LetP(C?>!) denote the projectivisation @' — {0}. We denote
the image of: € C*! under the projectivisation map By] = [z1, 2o, 23] for z =
(21, 22, 2z3). The complex hyperbolic spadé% is the projectivisation of the set of
negative vectors it>!, thatisHZ = P(V_). The ideal boundary ofi3 is defined
as the projectivisation of the set of null vectorsGR'!, that isOHZ = P(Vp).
The complex hyperbolic plan&Z is a Kahler manifold of constant holomorphic
sectional curvature. The holomorphic isometry grou;ﬁf@fis the projectivisation
PU(2,1) of the groupSU (2, 1) of complex linear transformations, which preserve
the above Hermitian form.

The Hermitian cross-produé : C>! x C*! — C>! is defined by

0 0 -1 ZoW1 — 21W2
2w = 0 -1 0 (Zxw)=| zjws— zzw;
-1 0 0 Z3W2 — Zo2W3
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By simple computation, we have
(zRw, z) = (zRw,w) =0

and

(aXc,bXc) = (a,c){e,b) — (a,b){c,c).

In particular

(a®b,a®b) = |{a,b)|> — (a,a)(b,b).

In order to show that Theorem 1, we need the following Lemma, which can be
obtained in Goldman [5].

Lemmal — Leta andb be null vectors, then for anyc C*!

{a®b, )2 = |{a,b)|*(c, c) — 2R(a, c){c, b) (b, a).

C-Circle (Chain): There are two kinds of totally geodesic submanifolds of di-
mension2 in HZ, complex geodesics(or complex line, representedipyC HZ)
and real slices. Each of these totally geodesic submanifold is a model of the
hyperbolic plane. Complex geodesics are obtained by projectivisation of two-
dimensional complex subspaces®@t!. Given any two points inHZ, there is
a unique complex geodesic containing them. Any positive vectorC>! deter-
mines a two-dimensional complex subspace

{z € C*YY{c,z) = 0}

and a complex geodesic, which is projectivisation of this subspace. The véstor
called a polar vector of the complex geodesic. A polar vector can be normalised to
(c,c) = 1. Conversely, any complex geodesic is represented by a polar vector.

Consider the complex hyperbolic spakig and its boundarg HZ = S3. We
call C-circle( orchain) the intersections of* with boundaries of totally geodesic
complex submanifoldi{ in HZ.

Cartan’s angular invariant Let (p1, p2, p3) be an ordered triple of distinct
points on the bounda§HZ. Then Cartan’s angular invariadt(pi, p2, p3) is de-
fined to be

A(p1,p2,p3) = arg(—(Pr, P2) (P2, P5)(Ps3, P1)).
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where P; are corresponding lifts af;. It is verified thatA(py, p2, p3) is indepen-
dent of the chosen lifts and satisfies

T
-3 < A(p1,p2,p3) <

oS

The following result can be found in Goldman [5].

Propositionl — Supposép1, p2, p3) be an ordered triple of distinct points on
the boundary) HZ. Then

. >
(p17p27p3) € chain & A(p17p2’p3) = :|:§

Distance to complex linesSuppose.; and L, be two complex lines oHZ,
with polar vectorsm; andn,. Let

[(n1, ng)|?

N(Ly, Ly) = Ty, 1y (0, 1)

Obviously, N (Li, L2) does not depend the choice of the lift in the pair of po-
lar vectors, and iU (2, 1)-invariant. Following proposition gives the geometric
interpretation ofN (L1, L2), and we refer to [8] for details.

Proposition2 — Let L; and L, be two complex lines off2, with polar vectors
n; andns. Let
|(n1, ny) |?

N(L1, Ly) = Ty, 1) (3, 113)

(1) If N(Ly, Ly) > 1, thenL; and L, are ultra-parallel and

L17 LQ)

cosh?(2 S=2) = N(Ly, L),

(2) If N(Ly, Ly) = 1, thenL; and L, are asymptotic or coincide.

(3) If N(Ly, Ly) < 1, thenL; and L, intersect.
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3. THE PROOF OFTHEOREM 1

In this section, we give the proof of our result. In order to obtain our result, we
need the following straightforward lemma.

Lemma2 — Letpy, pa, p3, p4 be four points in the boundafyHZ, then on can
apply an element aPU (2, 1) takingp; to [0, 0, 1] andps to [1, 0, 0]. Then denote
the remaining points tps = [a1, a2, as], ps = [b1, b, bs], wherea;, b; are complex
numbers.

Proof of Theorem 1 Let py, po, p3, p4 be four points in the bounda@/Hé and
n;; = p; X p; denote the polar vector of the complex lihg .

Thus ( >‘2
n;;, Nyk
N(Lij, L) = AR
(Lijs Lur) (045, 045) (Nyg, Nyk)
where
|(nij, )|

= |(pi W pj, pu X pi)|°
= [(pi, i) I* (Pu B pre, pu B pi) — 2R (pi, pu X i) (pu X pi, p5) (0, pi)
= |(pi, 2j) P (pw P I = (s Pu) (D i) — 2R (pi, pu B i) (P ® pie, ;) (05 0i)
= [(pi, pj) [[(Pus PE) > — 2R (i, pu B pre) (pu B i, pj ) (0, i)
2)
and
(5, n45) = (pi R pj, pi ®pj) = (i, 0j)|* = (pi» pi) (P> 1))

Since(p;, p;) = 0foralli = 1,2, 3,4, we have the following equation:
(nij,n45) = |(pi, ) >

Therefore

N(Lij, L)

_ (i ng)?

<nij, nij><nuka nuk>
[(pi, )21 (Pus ) |? — 2R(ps, pu B i) (P R pre, pj) (D5, i) 3
|(Pis 23) [2[{Pu> Pr) 2
L 2R(pi, pu B pg) (pu B pr, pj) (0. i)
=1- 2 2
|(pi, 2i)1?[{Pw> PI) |
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Let Piukj = R(pi, pu X pr) (Pu X pr, pj) (pj, pi). Thus
2Pk

N(Lij, Lup) = 1 — .
! |(i> p) 2P D) ?

Sincep1, p2, p3, p4 are null vector. From Lemma 1, we obtain

Piukj = R(pi, pu X pi) (pu B i, i) (Dj, i)

= R(pu, Pi) (Pi> Pr) P> D) TP, 05) (P PE) (P> Pu) TP, D1 “

From Lemma 2, we can assume that

0 1 ai b1
pr=|0 /|, p=|0|, p3=]|ax |, ps=| b |,
1 0 as b3

wherea;, b; are complex numbers.

Then we have

2R(p1, p3 X pa) (p3 X pa, pa) (P2, p1)
[(p1, p2)[2[(p3, pa) |?

2R (p1, p2 X pa) (p2 X pa, p3) (3, p1) 5)
[(p1,p3) [2|(2, pa) |2 ’

2R (p1, p2 W p3) (p2 W p3, pa) (pa, p1)
[(p1, pa)[2[(p2; p3)|?

N(Li2,L3s) =1—

)

N(L13,Lo4) =1—

N(Li4, Lo3) =1—

By computing, we obtain

al b1 azby — a1by
p3py= | ax | X | by | = | arbg —azbr |,
as b3 azba — asbs3
1 by —by
peMps= |0 |X| by | =] b3
0 b3 0
and
1 a —a9
pprXp3= |0 | X | a | =] a3

0 as

285
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Thus
Pi34o = R(p1, p3 X pa)(p3 W pa, p2) (p2, p1) = R(a2b1 — a1ba)(baaz — azbs),

Piog3 = R(p1,p2 X pa) (p2 M pa, p3)(p3, p1) = —RNbaai (a2b3 — baas),
Pia3s = R(p1, p2 W p3)(p2 X p3, pa)(pa, p1) = —Nagbi(b2az — azb3).

Thus, we have

R(p1, p3 X pa) (p3 W pa, p2) (P2, p1)+
R(p1, p2 B pa)(p2 X pa, p3)(ps, p1)+ (6)
R(p1, p2 X p3)(p2 X p3, pa){ps,p1) = 0,

that is
Pi349 + P1oy3 + Prags = 0. (7)

If every termP;, ;i in the left sides of the equations (7) is zero, for example if
P1342 =0, thatis

Pi342 = R(p3, p1) (1, pa) (P4, p3)R(p3, p2) (P2, P4) (P4, p3) R (P2, p1) = 0.

Since(ps2, p1) = 1, we obtain

R(p3,p1)(P1,pa)(Pa,p3) =0

or
R(ps, p2) (P2, p4) (P4, p3) = 0,

which imply either the Cartan angular invariant(p§, p1, p4) or (ps, p2, p4) IS £75.
Thusps, p1, p4 OF p3, P2, p4 lies in the sameC-circle by Proposition 1, which is a
contradiction. Thus there at least exists one té}y;; that is negative (or positive)
in the left sides of the equations (7). 84 L;j, Lyx) > 1 (or N(Lij, L) < 1),
this show that the two complex linds;;, L, are ultra-parallel (or intersect) by
Proposition 2. O

Obviously, in this case the four points, ps2, p3, p4 can span three pairs of
complex lines. From the proof of Theorem 1, we know if there exists a pair of
complex lines which are asymptotic, then the other two pairs of complex lines are
not asymptotic.

So we obtain the following result.
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Corollary 1 — Suppose that;, p2, ps andp, are four distinct points i®HZ2
and any three ones of them are not in the s#reircle. LetL;; denote the six
possible complex lines spanned pyandp; for ¢ # j. If there exists a pair of
complex lines are asymptotic, then the other two pairs are not asymptotic. Further-
more, if one of the two pairs of asymptotic lines is ultra-parallel, the other one is
intersected.

Remarkl : When there exists three points are in the s&wnarcle. These four
points only are able to span four complex lines. For exampig,ip-, ps are in
the sameC-circle, we havel.1s = Lo3 = Lq3, SO there only have four complex
lines L1, L14, Log, L34, Obviously, every two complex lines are asymptotic at one
of pointsp; for somei € {1,2,3,4}.

4. APPLICATION

In this section, as an application of our results, we expound how to simplify the
discussion in paper [7]. Firstly, we state the results of Parker-Platis’s paper (details
can be found in [7]). Leby, g1, p2, g2 t0o denote the four pairwise distinct points of
OHZ. Let L; denote the complex line spannedjyandg; for i = 1, 2.

Writing p; andq; for lifts of p; andg; to C* — {0}, we can define the three
cross-ratios of our poinig; andg; as follows

(a1, p2){az, p1)
(a2, p2)(q1.p1)’

Xi =p2,p1,q1,¢) =

(P1, P2) (a2, 1) (8)

X? = P2,41; y 42| = ’
[p P q} <(II2,P2><P1,(11>

(P2, P1){(a2,q1)
(a2, p1)(P2,q1)

X3 - [PlaQ1aP2aQ2} -

Suppose thal,; and L, are not asymptotic. Parker and Platis introduced the
first kind of global geometrical coordinatest,, -, to express the above three
cross-ratioX1, Xy, X3 and obtained the following theorem.

Theorem2 — [Parker and Platis] Letp1, g1, p2 andg, be four pairwise distinct
points ofaH%. Let L; be the complex line spanned pyandq;. Suppose that;
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and L, are not asymptotic. then

r2€’i91+i92 o 27"008’(70 + e—i@1—i92

Xi =
! —45inf;sinbs ’
. T2€—i01+i92 o 27"6057/) + 6i91—i92 (9)
2= 451161 5inbsy ’
r2e — 2rcos(0y — 03) + e
X3 =

r2et — 2rcos(0y + 62) + e W

moreover, these expressions satisfy the cross-ratio ident{tiesind when- # 1,
the quantitiese™, §; andd, may be written uniquely in terms &f, X, and Xs.

Suppose thal,; and L, are asymptotic at a point that is distinct frgnand
g;. Parker and Platis introduced the second kind of global geometrical coordinates
', 6,05, to express the above three cross-raligsXs, X3 and obtained the
following theorem.

Theorem3 — [Parker and Platis] Letp1, g1, p2 andgs be four pairwise distinct
points of@H%. Let L; be the complex line spanned byand g;. Suppose that
and L, are asymptotic at a point that distinct from and ¢;. Let (r',6,,6,,¢")
be a tangent vector to the corresponding point of the space of coordinates defined
above withg;. Thenr” # 0 and

v 4 20 (0, + 0y) — (60, + 0p)2 + 0

Xl - Y )
~400,
12 RN} ’ ’ /N9 12
X, = _ — 2ir (6, _92),—,(91 —0y)° +9¢ , (10)
166,
v = 2ir'y — 4 (0 - 6))°
X3 =

7“/2—2i7“'¢/ _¢/2+<9,1+0/2)2

Moreover, these expressions satisfy the cross-ratio identities: (1§@mnd 6, /r
andv' /r" may be expressed uniquely in termsef X, andXG.

Let L'1 denote the complex line spannedy p-, andL’2 denote the complex
line spanned by, g2, while let L'{ denote the complex line spanned by, o,
andL'Q' denote the complex line spanned 3y ¢;. From Corollary 1, under the
assumptions of Theorem 3, we know that if the complex lin@nd L, are asymp-
totic, then the complex liné; and L, are not asymptotic, and the complex lihg
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and L, are not asymptotic as well. So we can use the complex lineand L., to
replace the complex lines; andL-, swapps andg;, introduce the following three
cross-ratios

Xl = [Q1)p17p27q2}7
Xy = lq1,p2,p1, 2], (11)

’

X3 - [p17p27q17QQ}-

SinceL'l and L'2 are not asymptotic, we can choose the first kind of global
geometrical coordinates to expréss X, X; just as in Theorem 2, so we simplify
the discussion in the paper [7].
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